ABSTRACT. We present results expressing conditions for the existence of meromorphic first integrals for Pfaff equations of arbitrary codimension, integrable or not, on complex manifolds. These results are in the same vein as previous ones by J-P. Jouanolou and E. Ghys. We also prove an enumerative result counting the number of hypersurfaces invariant by a projective holomorphic foliation with split tangent sheaf.
INTRODUCTION
The theory of algebraic integrability introduced by G. Darboux was pursued and expanded by several people, among which we would like to quote H. Poincaré, P. Painlevé, L. Autonne and, more recently, J-P. Jouanolou.
In [6] , J-P. Jouanolou gave an extensive account of the theory of algebraic Pfaff equations which included several results on algebraic integrability, among which conditions for the existence of rational first integrals for Pfaff equations on the projective spaces P n K , where K is an algebraically closed field of characteristic zero.
This quest was continued in [7] where he proved that, on a connected compact complex manifold M satisfying certain geometrical conditions, the maximum number of irreducible hypersurfaces which are solutions of a codimension one Pfaff equation
, L a line bundle on M , is bounded by
where ̺ is the Picard number of M . Further, if the number of invariant hypersurfaces is at least κ J , then there infinitely many of such hypersurfaces and this happens if, and only if, the Pfaff equation ω = 0 admits a meromorphic first integral. This result was improved by E. Ghys in [5] . Ghys showed that Jouanolou's result holds if the geometrical conditions on M , assumed in [7] , are dropped. More precisely, the result of [5] states that if a Pfaff equation ω = 0, given by ω ∈ H 0 (M, Ω 1 M ⊗ O M L ), does not admit a meromorphic first integral, then the number of invariant irreducible divisors must be smaller than (2) 
where Ω 1 cl denotes the sheaf of closed holomorphic 1-forms on M .
In the case of one-dimensional Pfaff equations that is, in the case of holomorphic foliations of dimension one, M. Corrêa Jr. [3] presented a similar result which reads: let M be as above and let F be a one-dimensional holomorphic foliation on M . If F admits at least (3)
cl ) + dim C M invariant irreducible hypersurfaces, then F admits a meromorphic first integral. Here, K F is the canonical bundle of F and i X F (·) is the contraction by a vector field X F inducing the foliation F.
Another result in this direction was presented by S. Cantat in [2] . Its has a dynamical flavour and reads: let M be as before and let f be a dominant endomorphism of M . If there are κ C totally f -invariant hypersurfaces W i ⊂ M with
there is a non constant meromorphic function Φ and a non zero complex number α such that
In this note we will consider higher codimensional Pfaff equations on connected complex manifolds.
The affine case was dealt with in [4] and the result is: let K be an algebraically closed field of characteristic zero and ω a polynomial r-form of degree d on K n . If ω admits (5) d − 1 + n n · n r + 1 + r + 1 invariant irreducible algebraic hypersurfaces, then ω admits a rational first integral. We now state the results of this note, the first one being a higher codimensional counterpart of Jouanolou and Ghys theorems.
The second result makes use of extactic varieties which are defined and discussed in Section 5. The third result is enumerative and projective, in which case we can use the notion of degree of a projective Pfaff equation, as defined in Section 7. It states Proposition 1.1. Let F be a holomorphic foliation on P n of dimension r, of degree d > 0 and with split tangent sheaf, that is,
Suppose no F i has a rational first integral, i = 1, . . . , r. Then, the number of Finvariant irreducible hypersurfaces of degree ν, counting multiplicities, is bounded by
PRELIMINARIES
Let M be connected complex manifold of dimension n. Following Jouanolou [7] we have:
where Ω r is the sheaf of holomorphic r-forms on M .
We shall assume that the zero set of ω has codimension ≥ 2 (this is not at all restrictive, as explained in [1] ). Now, given a hypersurface X ⊂ M consider the inclusion i :
By a slight abuse of language we will say that X is ω-invariant if X is a solution of ω. Now for foliations. 
In the above, the rank of T F is the rank of its locally free part. Since O(T M ) is locally free, the coherence of T F simply means that it is locally finitely generated. We call T F the tangent sheaf of the distribution and the quotient,
The singular set of F is defined by
On M \ S(F) there is a unique (up to isomorphism) holomorphic vector subbundle E of the restriction T M | M \S(F ) , whose sheaf of germs of holomorphic sections,
We will assume that T F is full (or saturated) which means: let U be an open subset of M and ξ a holomorphic section of O(T M ) |U such that ξ x ∈ T F x for all x ∈ U ∩ (M \ S(F)). Then we have that for all x ∈ U , ξ x ∈ T F x . In this case the foliation F is said to be reduced.
An equivalent formulation of full is as follows:
Singular foliations can dually be defined in terms of the cotangent sheaf. Thus a singular foliation of corank q, G, is a coherent subsheaf N G of rank q of O(T * M ), satisfying the integrability condition
N G is called the conormal sheaf of the foliation G. Its annihilator
is a singular foliation of dimension r = dim M − q. See T. Suwa [11] for the relation between these two definitions. We remark that, if a foliation F is reduced then codim S(F) ≥ 2 and reciprocally, provided T F is locally free (see [11] ). This is a useful concept since it avoids the appearance of "fake" (or "removable") singularities.
Also, a singular foliation G of corank q induces a Pfaff system of codimension q. In fact, The q-th wedge product of the inclusion N G ⊂ O(T * M ) gives rise to a nonzero twisted differential q-form ω G ∈ H 0 (Ω k X ⊗ det N G). A last definition. For the concept of meromorphic map refer to [10] . 
PROOF OF THEOREM 1.1
Let M be a complex manifold. Denote Ω 1 cl the sheaf of germs of closed holomorphic differential 1-forms on M . We recall the statement:
Proof. Note that, by compactness of M , the spaces appearing in (8) are finite dimensional. Part of the proof recalls the arguments of [5] . Denote by Div(M, F) the abelian group of divisors on M which are invariant by F. We have the homomorphism
Composition of (9) and (10) gives a C-linear map
Consider the kernel of Ψ.
α λ α L α ∈ ker Ψ amounts to saying that, on each
But this says that
Hence, these glue together to give a global closed meromorphic 1-form η on M , defined up to summation of a global closed holomorphic 1-form ρ.
Remark that, since L α is ω-invariant and hence
is well-defined. Consider the exact sequence
where M 1 is the sheaf of germs of meromorphic 1-forms on M and Q 1 M is the quotient M 1 /Ω 1 . The following is a version of [6, Lemme 3.1.1, p. 102]; we repeat the proof here for the sake of completness.
is injective provided the divisors have no common factor.
has a simple pole at 0
, which is the multiplicity of 0 as a zero of h j i . On the other hand, it follows from (18) that
Taking residues at 0 in (19) we get λ 
cl ) + r + 1 invariant irreducible analytic hypersurfaces. From (11) and (15) we have
Hence dim C ker Θ ≥ r+1 and ker Θ is non trivial. Now, given a non zero element
Using (14) we have that there exists µ = (
which amounts to
in each U i . Thus we get a global closed meromorphic 1-form ξ with
In this way we can construct r + 1 > 1 global closed meromorphic 1-forms
Define α 1 = ξ 1 ∧· · ·∧ ξ r and α 2 = ξ 2 ∧· · · ∧ ξ r+1 and remark that |α 1 | ∞ = |α 2 | ∞ , where | · | ∞ denotes the set of poles. We have the following possibilities: Case 1. α 1 = 0 and α 2 = 0.
Case 1: Since |α 1 | ∞ = |α 2 | ∞ we have that α 1 and α 2 are linearly independent over C. We claim there exist
Since ω ∧ ξ j = 0, for j = 1, . . . , r + 1, we have ω = R 1,...,r ξ 1 ∧ · · · ∧ ξ r and ω = R 2,...,r+1 ξ 2 ∧ · · · ∧ ξ r+1 . Note R 1 = R 1,...,r and R 2 = R 2,...,r+1 . Hence,
Since the meromorphic r-forms α 1 and α 2 are closed we have
is not constant. This shows that the meromorphic function R is a first integral for ω.
Case 2: Suppose α 1 = 0. Let m be the largest integer such that ξ 1 , . . . , ξ m are linearly independent over M (M ). Then,
Since ξ i is closed for i = 1, . . . , m + 1, we get
Then, for each j = 1, . . . , m, multiplying (29) by
Besides, from (28) and lemma 3.1 there exists i 0 ∈ {1, . . . , m} such that R i 0 is not constant. That is, R i 0 is a meromorphic first integral for ω. The case α 2 = 0 is dealt with analogously.
INTEGRABLE PFAFF SYSTEMS WITH LOCALLY FREE TANGENT SHEAF
As before, let M be a complex manifold. An integrable Pfaff system F of rank n − r on M , or a (singular) holomorphic foliation of dimension r, with locally free tangent sheaf, is given by the data:
ii) Holomorphic vector fields X 1,α , . . . , X r,α on U α such that
satisfies the condition codim C S α ≥ 2.
iii) Whenever
g ij αβ X j,β , and hence
In particular, S α ∩ U αβ = S β ∩ U αβ . Thus, the singular set Sing(F) = α S α of F is an analytic subset of M of codim C Sing(F) ≥ 2. Also, if T F * is the vector bundle associated to the cocycles [g 
Proof. By Frobenius theorem, on each open set U α \S α there are vector fields X 1,α , . . . , X r,α satisfying
Since codim C (S α ) ≥ 2, there exist holomorphic vector fields X 1,α , . . . , X r,α on U α such that Before starting, a piece of notation. Consider a vector field X as a derivation and, if f is a function, we let X 0 (f ) = f and X m (f ) = X(X m−1 (f )), for m > 0.
JET BUNDLES AND EXTACTIC VARIETIES
Let F be a (singular) holomorphic foliation of dimension r on M , with locally free tangent sheaf, and H be a holomorphic line bundle on M . Consider a finite dimensional linear system V ⊂ H 0 (M, H), of dimension k ≥ 1, and take an open covering {U α } α∈Λ of M which trivializes both H and (T F * ) * = T F. In the open set U α we can consider the map
where s α and {X i,α } r i=1 are local representatives, respectively, of a section s ∈ V ⊂ H 0 (M, H) and the section of T F. In U αβ we have s α = f αβ s β and by (31) and Leibniz's rule we get
Iterating this procedure up to order
. . .
. . . 
That is, the family of matrices {Θ αβ (F, V )} α,β∈Λ defines the cocycles of a vector bundle of rank k−1+r r + 1 on M that we denote by J k F V . Now, using the trivializations {Θ αβ (F, V )} α,β∈Λ we can glue the maps T (k) α and obtain the morphism
Taking the k-th wedge product of T (k) and recalling that dim C V = k we have the morphism
F V , and tensorizing by ( k V ) * we obtain a global section of
Definition 5.2. The extactic variety of F with respect to the linear system V ⊂ H 0 (M, H) is the locus of zeros E(F, V ) of the section
The section ε(F, V ) is the extactic section of F with respect to V .
Considering the local expression of T (k) applied to a basis of V , say {s 1 , . . . , s k }, we have the matrix
with |J ℓ | = ℓ and s α i is the local representation of the section s i , i = 1, . . . , k. It follows that the local expression of the section ε(F, V ) is given by the determinants of the following k × k minors of (36):
and the local defining equations of E(F, V ) are
The simplest situation is that of a single vector field. In this case the extactic ε(F, V ), where F is the one-dimensional foliation induced by X is given by
where {s 1 , . . . , s k } is a basis of V . The following results elucidate the role of the extactics in this case. We can then make the following Remark 1. Let F be a one-dimensional holomorphic foliation on a complex manifold M and V a finite dimensional linear system on M . If F does not admit a meromorphic first integral, then ε(F, V ) ≡ 0.
Now we give counterparts of Proposition 5.1 and Theorems 5.1 and 5.2 for higher dimensional foliations.
Proposition 5.2. Let F be a holomorphic foliation of dimension r on a complex manifold M of dimension n. If V is a linear system of dimension k, then every F-invariant complete intersection of elements of V is contained in E(F, V ).
Proof. Every complete intersection of elements of V is the intersection of the zeros of ℓ C-linearly independent sections, say s 1 , . . . , s ℓ ∈ V . Then we can, if necessary, complete this family to a basis of V , say {s 1 , . . . , s ℓ , s ℓ+1 , . . . s k }.
Consider in each
and so we get X J α (s α j ) ∈ I(s α 1 , . . . , s α ℓ ), for j = 1, . . . , ℓ and any J. Hence, in U α the determinants Proof. Let {s 1 , . . . , s k } be a C-basis for V and suppose rank T (k) < k. This means that the columns of the matrix (36) are dependent over the field of meromorphic functions M (U α ). Hence there are meromorphic functions 
We have 1 < m ≤ k and we may assume θ α m = 1. Applying the derivation X i,α to M α 0 we get, for 1 ≤ i ≤ r, 
AN APPLICATION IN PROJECTIVE SPACES
The next result is one in projective spaces and in this case we have at hand the notion of degree of a Pfaff system, which we now recall.
is a section of a line bundle, and its zero divisor reflects the tangencies between F and i(P n−k ). The degree of F is the degree of such tangency divisor. It is noted deg(F).
. Besides, invoking the Euler sequence a section ω of Ω n−k P n (d + n − k + 1) can be thought off as a polynomial (n − k)-form on C n+1 with homogeneous coefficients of degree d + 1, which we will still denote by ω, satisfying
∂xn is the radial vector field and i ϑ means contraction by ϑ. Thus the study of Pfaff equations of codimension n − k and degree d on P n reduces to the study of locally decomposable homogeneous (n − k)-forms on C n+1 , of degree d + 1, satisfying relation (49).
In particular, we have two ways to describe reduced one-dimensional Pfaff equations F on P n , which in fact define foliations since the integrability condition is void in this case. One is through a homogeneous (n − 1)-form ω ∈ Ω n−1 P n (d + n) of degree d + 1 and, using the canonical isomorphism E ∼ = n E ⊗ n−1 E * , where E is a vector bundle of rank n, through a section χ : T P n ⊗ O(d − 1) that is, a vector field which annihilates ω, i χ ω = 0. Equivalently, F is given by a morphism
Hence F is represented, in C n+1 , by a homogeneous polynomial vector field χ of degree d and, due to Euler's sequence, χ + gϑ represents the same foliation, where g is any homogeneous polynomial of degree d. Proposition 1.1. Let F be a holomorphic foliation on P n of dimension r, of degree d > 0 and with split tangent sheaf, that is, where n ≥ 2, λ i = 0 and no λ i is equal to zero. This foliation has degree n − 1 and leaves invariant the n + 1 hyperplanes x i = 0, i = 0, . . . , n. This is in accordance with J.V. Pereira and S. Yuzvinsky [9, Proposition 4.1] where it is shown that a foliation F of codimension one on P n with non-degenerate Gauss map has the number of invariant hyperplanes limited by
Proof. With notations as in Lemma 4.1, let X 1 , . . . , X r be homogeneous polynomial vector fields on C n+1 inducing F, with X i inducing the foliation F i , i = 1, . . . , r. Let V = H 0 (P n , O P n (ν)) be the linear system consisting of the homogeneous polynomials of degree ν in z 0 , . . . , z n , dim V = K = ν+n n . Since no F i has a first integral, by Remark 1 the extactics ε(F i , V ), 1 ≤ i ≤ r, are not identically zero and given given by
where {s 1 , . . . , s K } is a basis of V . Now, an irreducible hypersurface M ⊂ P n is invariant by F if, and only if, M is invariant by each one of the foliations F i , i = 1, . . . , r. Hence, if M has f = 0 as irreducible defining equation, then f factors each one of extactics above by Proposition 5.1 that is, ε(F i , V ) = f R i where R i is a polynomial. Let E be the product 
